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Design and Simulation of Closed-Loop Ground Alignment
of Inertial Platforms with Sway Motion

S.Vathsal*
NASA Goddard Space Flight Center, Greenbelt, Maryland

This paper is concerned with the application of optimal estimation and control concepts to the ground alignment
of inertial platforms subjected to random sway motion. A seventh-order Kalman filter has been designed for
estimating the platform misalignments and sway motion. Using the linear quadratic optimal regulator techniques,
feedback controller gains have been designed to drive the initial misalignments to a small value. A reconfiguration
of the filter controller scheme has been proposed and verified by Monte Carlo simulation for improving the speed
of alignment without changing the alignment accuracy.

I. Introduction

P RELAUNCH alignment or ground alignment of inertial
platforms has assumed a great deal of importance in the

design of inertial navigation systems.1 Gyro compassing prin-
ciples have long been applied to this problem; this application
is known as the conventional mode of alignment and cali-
bration.2"4 There exists an operational state-of-the-art in
aircraft and shipboard inertial navigators, all of which must
be aligned using some variation of gyro compassing.

In order to navigate an aircraft to an overall accuracy of 1
n. mi/h, it is desirable to limit the initial azimuth error to 5
arc min and the initial tilt to 20 arc sec.17 For a platform used
in a carrier deck, the alignment needs to be carried out in a
much shorter time. Naturally, these accuracy and alignment-
time requirements have demanded the application of Kalman
filtering techniques. The alignment schemes with the Kalman
filter can be either an open-loop or a closed-loop scheme.
Many investigators have explored the open-loop alignment in
detail.6"8 Jurenka and Leondes5 have considered the optimum
alignment of an inertial autonavigator; their performance
criterion has been to minimize only the mean square azimuth
error. They have chosen the controls in such a way that the
inputs to the integrators of the states are zero. Their control
law cannot drive the initial misalignments to a small value, as
required by closed-loop alignment. Winter9 has derived the
modeling error sensitivity equations. Stieler and Zenz10 have
considered both open-loop and closed-loop alignment using
both gyro compassing techniques and Kalman filter. The
authors10 achieved closed-loop alignment by setting control
gains designed by heuristic arguments rather than by using
optimal control techniques. It is often noted that the gyro
compass does not perform very well in the presence of long-
period sway motions during ground alignment.10 Hence, it is
necessary to model them and add in the state vector and see
whether the filter would identify the sway motion.

In the conventional gyro compass, the speed of alignment
can be improved to some extent by designing the gyro-com-
passing loop gains. Accuracy of alignment depends on the
external noise and sway motion. On the other hand, the
Kalman filter can improve the alignment accuracy, provided
the noise statistics are known. If the filter is used in the
open-loop mode, the gyro torquers are activated only after the
filter attains a steady state. In the closed-loop mode, the
feedback signals are continuously fed to the platform as well
as to the filter. Hence the estimation error, which is a measure

Received Feb. 14, 1985; revision received July 15, 1985. Copyright
© American Institute of Aeronautics and Astronautics, Inc., 1985. All
rights reserved.

*National Research Council-NASA Research Associate.

of the alignment accuracy, is the same for both open- and
closed-loop alignment. However, by a reconfiguration of the
filter as proposed in Ref. 14, different speeds of alignment
could be achieved for the same Kalman filter alignment accu-
racy for both open- and closed-loop alignment. In this paper,
the platform alignment problem has been formulated as a
closed-loop estimation and control problem. The following
specific aspects have been considered:

1) Design of feedback control gains using optimal regulator
techniques by solving the matrix Riccati equation.

2) Modeling of aircraft sway using an experimental auto-
correlation function and incorporation of the dynamic
model into the filter.

3) Gyro-drift rates identification.
4) Suitable reconfiguration of the filter for faster alignment.

Though the platform dynamics is nonlinear, small angle ap-
proximation can be made to linearize the platform dynamics.
Then, by separation theorem, the estimator and controller can
be designed independently. The feedback torquer signals ob-
tained by this method may lead to large torquer rates, which
cannot be applied due to hardware design constraints. This
aspect has been incorporated into the simulation by a satura-
tion type of nonlinearity.

Section II deals with the problem formulation. Section III is
concerned with the reconfiguration of the filter for speeding
up the alignment. The platform error model and the model for
aircraft sway have been derived in Sec. IV. Filter and con-
troller design is given in Sec. V. Simulation results are sum-
marized in Sec. VI.

II. Formulation of Closed-Loop Alignment of
Inertial Platforms

A general schematic for closed-loop alignment of platforms
has been given in Fig. 1. The platform dynamics, the sensor
errors, and the sway acceleration of the base can be described
by the following w-dimensional linear system.

x = Fx + Bu + (1)

where F, B, and G are constant matrices, w is a white-noise
vector that represents the gyro-drift rates, and x is the state
vector that represents the north, east, and vertical misalign-
ments of the platform augmented with the states depicting the
sway motion of the base. The vector u denotes the gyro-torquer
feedback signals, which can be generated by multiplying the
estimated state vector x with the control matrix f* as fol-
lows:

w= -T* (2)
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Fig. 1 Schematic for closed-loop
alignment of platforms.
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If the platform is kept stationary in the ground, the north
accelerometer measures the east misalignment, the north ac-
celerometer bias, and the sway acceleration in the north-south
direction. Similarly, the east accelerometer measures the north
misalignment, the east accelerometer bias, and the sway accel-
eration in the east-west direction. The m-dimensional mea-
surement vector z can be modeled as

z = Hx + v (3)

H is a constant measurement matrix, and t? is a vector of
white noise representing the measurement errors. The system
noise w and the measurement noise v are assumed to be
uncorrelated with each other. Without any loss of generality,
H> and i? are assumed to be zero mean white-noise processes

E[»(/)]-0, E[v(t)]=0, E[H-

E[W(t)wr(r)] = QS(t-r), E[v(t)vT(r)]=Rd(t~r)

(4)

where £(•) is the expected value and 8(t) is the Dirac delta
function. The matrices Q and R can be derived from the noise
covariance data. The measurement vector z is used to con-
struct the Kalman-Bucy filter,16 which is a linear unbiased
estimator of the form

x = ( F- K*H} x + K*z + Bu (5)

where K* is the (n X m) gain matrix that can be generated
from

K*=PHTR~l (6)

and P is the error covariance matrix defined as

(7)

Matrix P can be propagated using the matrix Riccati equation

P = FP + PFT-PHTR-1HP+Q,P(tQ)=PQ (8)

Equation (8) can be solved forward in time. PQ is the covari-
ance matrix of initial errors of the platform.

Implicit in this formulation is the assumption that x(tQ) is
a zero mean random vector, which represents the initial mis-
alignments. It follows that

E[x(t0)xT(t0)]-P0 (9)

In ground alignment of inertia! platform, if the platform is
maintained level, the initial azimuth misalignment needs to be
estimated and controlled. In general, the north, east, and
azimuth misalignments need to be estimated and controlled.

In practice, P0 can be generated from the accuracy attainable
in a coarse alignment prior to the fine closed-loop alignment
to be carried out using the Kalman filter. Since the initial
misalignments need to be driven to zero or, in practice, to a
small value as required by the mission, the feedback control
matrix can be obtained using optimal control techniques.

Control Matrix F* is given by

where

2 --

(10)

C - Qc,

(11)
Qc and Rc are weightage matrices used to minimize the
quadratic performance index Jc(u) given by

f'[xTQex.+ uTRu\ dt
ro

(12)

where f0 and tf define the alignment interval. Matrix 2C. can
be obtained by solving the matrix Riccati equation given by
Eq. (11) backward in time. The application of the Kalman
filter and optimal control techniques demands that R and Rc
be positive definite matrices and that g an<l Qc be at least
positive semidefinite. Section III describes the reconfiguration
of the filter for speeding up the alignment.

III. Filter Reconfiguration for Varying Speed
of Alignment

Denoting x as the estimation error, from Eqs. (1), (3), and
(5), it follows that

x = (F-KH)x+Gw-Kv (13)

where x = x — x. The estimation error propagation is indepen-
dent of the control signal. Instead of the conventional form of
the filter, one can design a new filter xn given by

where K* is the optimal gain corresponding to the real-world
model and Kf is any suboptimal gain of the filter corre-
sponding to a lower-order model. Then, in order to get the
same estimation error covariance of the Kalman filter, it is
necessary to feed -(Kf - K*)Hxn into the real-world sys-
tem. The theoretical justification for this type of reconfigura-
tion is available in Ref. 14. This idea can be utilized for
obtaining different speeds of alignment. Let

Tc=-(K?-K*)Hx

Then, the real-world system becomes

(15)

(16)
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Subtracting Eq. (14) from Eq. (16), one gets

xn - *„ = *„ = ( F- K*H) xn + Gw -K*v (17)

from Eqs. (13) and (17), it follows that

cov[jcw] =cov[:c] (18)

where xn = xn — xn, provided the initial covariance is the
same. In a practical situation, they need not be the same. The
convergence characteristics of the filter given in Eq. (14) are
different from the conventional structure given by Eq. (5). The
speed of alignment can be controlled by changing the eigen-
values of (F-K*H-BT*) through Kf and T*9 indepen-
dently. The actual simulation layout that illustrates this fact is
shown in Sec. VI.

IV. Derivation of Platform Error Model and
Sway Motion

A rigorous, detailed error model of the real-world inertia!
system contains 50 or more error states. However, the error
sensitivity studies reported by Winter9 indicate that only 13
states are really significant as far as the ground alignment
filter is concerned. If one assumes a white-noise model for
gyro drifts, then the system could be represented by a seven-
state model containing the three platform misalignments.
Though the white-noise representation is quite simple for the
gyro drift, while including the sway motion, the drift-rate
states need not be precisely modeled. The switch on uncer-
tainty of gyro drifts can be modeled as random biases. Then a
sixth-order model can be constructed to identify the drifts as
shown in Eq. (30). The details are available in Ref. 11. The
dynamic model for the misalignments is derived here from
fundamentals based on Ref. 7.

Assume that the platform is misaligned from the reference
system by a small angle 0 = [EN, EE, ED], as shown in Fig. 2.
The reference system corresponds to north, east, and vertical.
Since X0 is defined as locally vertical, a measurement of
acceleration along axes Z and 7 is proportional to the mis-
alignment angles EN and EE. While the reference coordinates
rotate exactly at Earth's rotational rates, the platform cannot
be torqued since the misalignment angles EN, EE, and ED are
not known. This causes these angles to vary with time due to
Earth's rate coupling. Additionally, the angles change due to
the error drift rate of the gyros. The level acceletometers sense
not only the misalignments but also the sway motion.

The three coordinate systems needed for the derivation of
the error model are: 1) Earth-fixed launch site coordinates CS
(0), 2) platform reference coordinates CS (1), and 3) platform
instrument coordinate CS (2).

If W2 is the matrix of angular rates measured by the gyros,
then

W2 = 6 + d2

If WQ is the matrix of Earth's rate in CS (0), then

(19)

(20)

Equation (20) is derived from fundamentals in Ref. 7. Matrix
d2 represents the gyro-drift rates in the instrument axes. The
inverse equation to Eq. (20) is

Substituting for W2 from Eq. (19),

(21)

(22)

0Cl = 0C22Cl (23)

Matrix 0Cl is the transformation matrix from CS (0) to CS (1).
Differentiating Eq. (23), one gets

Same as Eq. (20)

Substituting Eq. (25) into Eq. (24) yields

(24).

(25)

(26)

Components of drift will be assumed constant in CS (1) rather
than CS (2).

Since CS (1) differs from CS (0) by small angles EN,EE,ED,
matrix 0Ci can be written as

Ok- -EE 1
+ EN -ED

(27)

Substituting Eq. (27) into Eq. (26) yields only three equations,
since the angles on EN,EE,ED, are small. The drift terms can
be written as

Finally, simplification of Eq. (26) yields

0 0

0 0

(28)

(29)

where [d2] = [dN dE dD]T, £2 is Earth rate, and <J> is the
latitude of alignment. If the drift rates are assumed as random

Fig. 2 Coordinate system for platform misalignments.
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4*0* Appendix. For the DFVLR test aircraft HFB 320, the follow-
ing parameters have been worked out. <f>(0) = a2 = 1.86 X 10~6

mVsee4; ^ =0.7; A = .0053 Hz; ax - 3.33 X 10~2 rad/sec.

Fig. 3 Autocorrelation function of aircraft sway.
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-flsin<f> 0 1 0 0
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V. Design of Filter and Controller
The error model of the platform normally contains the three

misalignment angles EN9 EE9 and ED as state variables. The
sway in both the north and east directions constitutes four
additional states to be added to the platform error model.

The real-world state vector x can be defined as

x= [EN9 EE9 ED9Nl9 N 2 9 N 3 9 N 4 ] T (36)

where JV3 and N4 are derived in the same way as NI and N29
respectively. The parameters needed to represent N3 and N4
are denoted by O29ci29fi2. In the present study, it has been
assumed that ol —o29 aj =a2> ^^ A = Pi- The F matrix
takes the following form:

0
£2sin<?>

Q
0
0
0
0

— i2sin<|>
0

— Gcos<|)
0
0
0
0

0
Qcos<f>

0
0
0
0
0

0
0
0
0

-«i2

0
0

0
0
0
1

-2ft
0
0

0
0
0
0
0
0

-«2

0
0
0
0
0
1

-2fe
(37)

The state noise vector w is given by

From Eq. (30), drift rates can be identified.11 The level accel-
erometers measure the acceleration due to gravity propor-
tional to EU and Ep

(31)

(32)

where bE and b^ correspond to east and north accelerometer
biases and A^ and 'N$ are the sway acceleration.

Modeling of sway is beset with practical difficulties. For the
DFVLR test aircraft HFB 320* sway has been measured
experimentally, and an autocorrelation function has been
worked out as shown in Fig. 3. The details of the sway
measurement can be found in Ref. 18. The sway motion of
HFB 320 is low frequency because it is a test aircraft. From
Fig. 3, it is clear that the random sway exhibits periodic
behavior. The autocorrelation function model derived in Ref.
18 is given by

(33)

where the values of a2, j8, and w are chosen on the basis of
the physics of the situation or to fit the empirical autocorrela-
tion data. Two state variables are necessary to represent a
random variable with this autocorrelation function.16'19 One
pair of quantities that provides* this relation obeys the follow-
ing differential equations.19

where

(34)

(35)

The spectral density of the white-noise wSi is 2/?a2. The
derivation of the second-order shaping filters is given in the

Here, dN, dE9 and dp denote the gyro-drift rates modeled as
white random noise, fl is the Earth rate, and <j> is the latitude
of alignment, which is constant for the ground alignment. £2
and $ are given by 0 = 7.29 X 10~5 rad/sec; $ = 52.317 deg,
the latitude of Braunschweig, West Germany. The matrix H
and vector v are given by

77 = -g 0 0 1 0 0 0
0 g 0 0 0 1 Oj ' (38)

aswhere bE and bN are the accelerometer biases modeled
white measurement noise.

From the sensor error specifications supplied by the sensor
manufacturer, the following values have been chosen for the
noise covariance matrices and initial state uncertainty. Specifi-
cally, Q, jR, and PQ are given as follows: covariances Q and R
are diagonal matrices whose diagonal elements are given be-
low.

fin = 622 = 633 =4-25 X1(T15 sec

(39)

9-6 X 10- 8 mVsec3

Since the initial level misalignments are very small, they can
be treated as zero. Azimuth misalignment ED is rather large,
of the order of 100 mrad. Hence, in the P0 matrix, all the
elements other than P33 can be set to zero; P33 can be set to
(.01)2(rad)2. The design has also been carried out for an initial
level error of 2 mrad, a realistic figure normally employed. For
the system under consideration, the Kalman filter designed is
seventh order; its gains, defined by Eq. (6), have been com-
puted by solving the continuous matrix Riccati equation.
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Table 1 Optimal control gains for closed-loop alignment

Control gains for closed-loop alignment, (rad/s)/rad

Time, s

0
1
505
506
507
508
509
510

r*.11
1.2247
4

1.2247
1.2248
1.2249
1.2266
1.2264
1.5000

ffi
0.40817 X 10

4
0.40817 X 10
0.40815 X 10
0.40810 X 10
0.40879 X 10
0.43321 X 10
0.001

-3

-3
-3
-3
-3
-3

r*13
0.40820 X 10" 3

4
0.40819 X 10- 3
0.40818 X 10- 3
0.40812 X 10- 3
0.40882 X 10~ 3
0.43324 X 10- 3
0.001

13
0.40817 X 10

4
0.40817 X 10
0.40815 X 10
0.40810 X 10
0.40879 X 10
0.43321 X 10
0.001

-3

-3
-3
-3
-3
-3

r2*2
1.2247
4

1.2247
1.2248
1.2249
1.2266
1.2264
1.500

ri
0.40817 X 10- 3

4
0.40817 X 10~ 3
0.40815 X 10- 3
0.40809 X 10- 3
0.40879 X 10" 3
0.43321 X 1(T 3
0.001

r*31
0.40820 X 10~3

4
0.40819 X 10- 3
0.40818 X 10~ 3
0.40812 X 10~ 3
0.40822 X 10- 3
0.43324 X 10" 3
0.001

r*.32
0.40817 X 10- 3

4 .
0.40817 X 10- 3
0.40815 X 10- 3
0.40819 X 10" 3
0.40879 X 10- 3
0.43321 X 10- 3
0.001

r3*3
1.2247
4

1.2247
1.2248
1.2249
1.2266
1.2264
1.500

Fig. 4 Nonlinearity due to torque rate limit.

Essentially, [n(n + l)]/2 coupled nonlinear differential equa-
tions have, been solved using the fourth-order Runge-Kutta
technique for a step size of 1 sec. For n = 7, the case under
consideration, the differential equations turn out to be 28. The
filter performance has been verified using Monte-Carlo simu-
lation; the details are given in Sec. VI. For closed-loop align-
ment, feedback controller gains are needed, the design of
which has been discussed below.

Though the real-world model of the platform contains seven
state variables j only the three misalignment angles EN, EE,
and ED can be regulated and driven to zero using the three
independent gyro-torquer signals. Because of this practical
consideration, it is quite logical to design a third-order con-
troller. Referring to the problem formulation in Sec. II, the
assumptions for the design are that 1) a quadratic perfor-
mance index of the type Jc(u) given by Eq. (12) is minimized,
2) <2C is positive semidefinite and Rc is positive definite,
3) the control signals are not constrained, and 4) the control
coupling matrix B represented in Eq. (1) is assumed to be an
identity matrix.

Since the misalignment at the terminal time is very im-
portant and must be very low, 2C has been chosen as a
nondiagonal matrix. Qc and Rc also have been chosen as
identity matrices.

The continuous Riccati equation has been solved backward
from tf = 510 sec withV

1.5
.001
.001

.001 .001
1.5 .001
.001 1.5

The transients have been observed from 510 sec to 505 sec.
The gains attain a steady-state value from 505 sec to t0 = 0.
Table 1 presents the optimal control gains for closed-loop
alignment. The weightage matrices have been changed to
different values, and ultimately it has been found that the
steady-state gains are insensitive to Qc and Rc.- Before imple-
menting the scheme, it is necessary to check the closed-loop
response characteristics and also the feedback torque rates.
Often optimal feedback torque rates cannot be applied to the
system because of torque rate limits imposed by platform
hardware design.

The problem of torque rate limits cannot be solved at the
time of designing the control gains. However, it can be taken
care of by constraints on the controller: The simplest way is to
introduce a linear saturation type of nonlinearity between the
torquer and the controller.
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Fig. 5 Simulation layout for closed-loop alignment of inertial plat-
forms.

Figure 4 presents this typical nonlinearity. Referring to Fig.
4, it can be seen that the applied torque rates wfli, ua^ and ua3
can be obtained as

if w, < M / n

i f U : > U i r (40)

Now, it is of interest to verify the design of the filter and
controller for performance of the estimator interms of mean
square estimation error and response characteristics of the
controller. It is also of interest to check the performance of the
system in the presence of torque rate nonlinearity. Carrying
out these tasks using the actual platform hardware leads to
prohibitive costs, but computer simulation can be considered
as a tool for design verification. The integrated system simula-
tion has been carried out for this system and is discussed in
the next section.

VI. Simulation Studies
The noise signals have been simulated using standard ran-

dom number generations.15 Simulation studies have been con-
ducted for 1) performance verification, and 2) minimizirig
speed of alignment. Figure 5 presents the simulation layout
for closed-loop alignment of inertial platforms. For the nor-
mal Kalman filter controller configuration, the level misalign-
ments have been estimated and controlled within 100 sec,
whereas the azimuth misalignment error converged at about
500 sec. By using the filter configuration as given in Eq. (14),
the azimuth alignment could be speeded up to 300 sec and, in
some cases, 100 sec. The details are available in Refs. 12 and
13. From the initial azimuth misalignment of 378 arc min, the
alignment accuracy obtained after 300 sec of alignment is of
the order of 15 arc min in the presence of sway motion and 1.5
arc min without the sway motion.

VII. Summary
This paper has considered the application of optimal esti-

mation and control concepts for the alignment of inertial
platforms. The platform error model has been derived. The
external sway disturbances have been modeled using second-
order shaping filters from the experimental autocorrelation
function. A reconfiguration of the filter is derived for speeding
up azimuth alignment. Feedback control gains have been
obtained by solving the matrix Riccati equation. The design
has been verified using Monte Carlo simulation.

Appendix: Second-Order Shaping Filter
The second-order shaping filter is derived in Ref. 19 and is

modified here to suit the autocorrelation function shown in
Fig. 3.

The general exponential cosine autocorrelation function can
be written

where <o = co,,[l — £2]*; The correlation function property
<KT) < <J>(0) dictates that TJ < a, where

a = tan' (A2)

The power spectral density function is

where

For linear systems, the input/output relation indicates

(A4)

(A5)

(A6)

If the system input w5(f) is white noise, with correlation
function 8(T), and spectral density G;,(cu) = 1/27T, then for
the power spectrum given by Eq. (A3) can be obtained if F(s)
is given by

F(S)
as + b (A7)

If the system is represented by a pair of first-order differential
equations* then,

N2 = DN
(A8)

then the output N^t) will exhibit the correlation function
(Al), if the system coefficients satisfy the relationship,

FB-ED
(A9)

Without any loss of generality, one can assume 17 = 0. Then
Eq. (Al) becomes

Assuming A = 0 and

(A10)

n (All)

If the spectral density of the white-noise WSI is 2/?a2 instead
of 1/27T, then the sway model used in Eq. (34) results, which
is shown in Ref. 16.
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Edited by Roger A. Breckenridge, NASA Langley Research Center

The technology of remote sensing of Earth from orbiting spacecraft has advanced rapidly from the time two decades ago
when the first Earth satellites returned simple radio transmissions and simple photographic information to Earth receivers.
The advance has been largely the result of greatly improved detection sensitivity, signal discrimination, and response time of
the sensors, as well as the introduction of new and diverse sensors for different physical and chemical functions. But the
systems for such remote sensing have until now remained essentially unaltered: raw signals are radioed to ground receivers
where the electrical quantities are recorded, converted, zero-adjusted, computed, and tabulated by specially designed
electronic apparatus and large main-frame computers. The recfent emergence of efficient detector arrays, microprocessors,
integrated electronics, and specialized computer circuitry has sparked a revolution in sensor system technology, the so-called
smart sensor. By incorporating many or all of the processing functions within the sensor device itself, a smart sensor can,
with greater versatility, extract much more useful information from the received physical signals than a simple sensor, and it
can handle a much larger volume of data. Smart sensor systems are expected to find application for remote data collection
not only in spacecraft but in terrestrial systems as well, in order to circumvent the cumbersome methods associated with
limited on-site sensing.
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